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Preface
This book provides an introduction to the use of algebraic methods and symbolic computation for simple quantum systems with applications to large order perturbation theory. It is the first book to integrate Lie algebras, algebraic perturbation theory and symbolic computation in a form suitable for students and researchers in theoretical and computational chemistry and is conveniently divided into two parts.
The first part, Chapters 1 to 6, provides a pedagogical introduction to the important Lie algebras so(3), so(2,1), so(4) and so(4,2) needed for the study of simple quantum systems such as the D-dimensional hydrogen atom and harmonic oscillator. This material is suitable for advanced undergraduate and beginning graduate students. Of particular importance is the use of so(2,1) in Chapter 4 as a spectrum generating algebra for several important systems such as the non-relativistic hydrogen atom and the relativistic Klein-Gordon and Dirac equations. This approach provides an interesting and important alternative to the usual textbook approach using series solutions of differential equations.
The second part, Chapters 7 to 10, provides an introduction to large order perturbation theory, using the so( 4,2) algebraic approach developed in the first part, to large order perturbation theory for the Stark and Zeeman perturbations in hydrogenic systems and central field perturbations arising from the charmonium, harmonium, screened Coulomb and Yukawa potentials. The emphasis here is on the symbolic computation of the energy and wavefunction corrections using the Maple computer algebra system. Many results previously available only in research journals are presented here along with some new results and applications.
The general concepts of Lie algebras and their matrix representations are introduced in Chapter 1 using only the familiar concepts of vector spaces, linear transformations and matrices with examples from angular momentum theory. In Chapter 2 commutation relations involving position, momentum and angular momentum operators r, p and L are derived in a systematic way. They are needed to obtain the coordinate realizations of the Lie algebras so(3), so(2,1), so( 4) and so( 4,2) which are of primary importance in algebraic perturbation theory.
A brief review of so(3) is presented in Chapter 3. This is just the familiar angular momentum theory from an algebraic viewpoint. Since angular movrn Preface mentum theory is covered in considerable detail in many specialized books and textbooks on quantum mechanics using both the algebraic and differential equations approaches, we consider only the basic ideas which illustrate, in a familiar context, the algebraic approach used in subsequent chapters to study more complicated Lie algebras. The important concept of a vector operator with respect to so(3) is also introduced here and the matrix representation of a vector operator is derived. These results are useful later in the derivation of matrix representations of so(3,1) and so(4).
In Chapter 4 the matrix representations of so(2,1) are derived following the same approach used in the previous chapter for so(3). The general theory is the same in either case. However, there are fundamental differences when we restrict our representations to the unitary irreducible representations (unirreps) needed for the applications of so(2,1) as a spectrum generating algebra for a class of radial Schrodinger equations. In fact all the unirreps of so(3) are finite-dimensional whereas those of so(2,1) are infinite-dimensional.
Next, realizations of the so(2,1) generators in the coordinate representation are derived in a form suitable for expressing the radial eigenvalue problems for various simple quantum systems such as the hydrogen atom. We use these realizations, the matrix representations of so(2,1) and a simple scaling transformation to show that the radial Schrodinger equation for the D-dimensional hydrogen atom and harmonic oscillator can be expressed as eigenvalue problems for one of the so(2,1) generators. Since the classification of the eigenvalue spectra of this generator are known from the matrix representation theory, the formulas for the energy levels and wavefunctions are directly obtained, thus providing a purely algebraic alternative to the usual differential equation approach.
We also consider other systems such as the Klein-Gordon equation and the relativistic Dirac equation. Finally we show how to separate the Schrodinger equation for the 3-dimensional hydrogen atom in parabolic coordinates and we obtain a parabolic realization of the so(2,1) generators. This realization will be useful in the application of perturbation theory to the Stark effect in Chapter 8.
To proceed to higher Lie algebras containing both so(3) and so(2,1) as subalgebras it is necessary to consider the representation theory and realizations of so( 4), the Lie algebra of the 4-dimensional rotation group. In Chapter 5 so( 4) and so(3,1) are introduced by closing out the commutation relations of so(3) with a vector operator. Then the general representation theory is developed. Again when we specialize to unirreps it is found that all the unirreps of so( 4) are finite-dimensional whereas those of so(3,1) are infinite-dimensional.
In the so( 4) case, in which we are primarily interested, an important realization of this vector operator is provided by the quantum mechanical version of the classical Laplace-Runge-Lenz vector first used by Pauli in his purely algebraic group theoretical treatment of the hydrogen atom. This energydependent realization of so ( 4) is not suitable for merging with our so(2,1) realPreface IX izations so we apply a scaling transformation to obtain an energy-independent realization referred to as the scaled hydrogenic realization of so(4). It follows that the scaled hydrogenic basis functions introduced in Chapter 4 provide a matrix representation of both so(2,1) and our scaled hydrogenic representation of so(4).
Chapter 6 concludes the first part of the book. Here we finally merge together the Lie algebras so(3), so(2,1) and so( 4) into a bigger Lie algebra by closing out the commutation relations with three additional vector operators. The result is a Lie algebra with 15 generators called so( 4,2). The scaled hydrogenic realization of these generators is then obtained. The important result is that the complete set of scaled hydrogenic wavefunctions form a basis for a single infinite dimensional unirrep of so( 4,2). This means that we can easily calculate the matrix elements of any operator expressible in terms of the so( 4,2) generators. In particular the various perturbations considered in the second part of the book are easily expressed in terms of the so( 4,2) generators and their matrix elements are simple finite sums.
In Chapter 7 Rayleigh-Schrodinger perturbation theory (RSPT) is presented in a general context for a nondegenerate reference state in preparation for several detailed examples of hydrogenic perturbation theory in the next chapters. First we develop the conventional RSPT formalism in terms of iterative formulas for the wavefunction and energy corrections.
Our interest is in hydrogenic perturbation theory for which the unperturbed Schrodinger equation is defined by a hydrogenic hamiltonian. In this important case it is well known that conventional perturbation theory is incomplete in the sense that the unperturbed radial hydrogenic eigenfunctions for bound states do not form a complete set for the expansion of a bound state solution to the perturbed Schrodinger equation. The continuum states must also be taken into account in the perturbation expansions. This problem begins in second order and higher orders become unmanageable due to the multiple integrations over the continuum state contributions. Even if these contributions were negligible there remain slowly converging infinite sums over the discrete set of unperturbed bound states. We briefly discuss the Dalgarno and Lewis method for avoiding the continuum states by directly solving the inhomogeneous differential equations. However this method can not be easily extended in a systematic way to higher orders.
The most promising methods for avoiding the continuum state contributions are those which do not require the direct calculation of the wavefunction (see Chapter 10) and the algebraic perturbation theory based on the Lie al-,gebra so( 4,2) which relies on a simple scaling transformation to replace the unperturbed hamiltonian by a new unperturbed eigenvalue problem which has only discrete states. Here the matrix representations of the most important perturbations are not expressed as infinite sums over this complete set of discrete states but as finite sums with a small number of terms. This perturbation x Preface theory is referred to as modified algebraic RSPT and the formalism is developed in Chapter 7. In Chapter 8 the algebraic RSPT for the Stark effect is developed to large order for the ground state using symbolic computation and the Maple computer algebra system. The Stark effect is a special case in the sense that the conventional perturbation theory is also applicable to high order using the separation in parabolic coordinates. We consider the symbolic computation for the perturbation of a general parabolic state in the two-dimensional and threedimensional cases, thus extending the original work of Alliluev and Malkin and of Silverstone. This is an excellent example of the application of symbolic methods to perturbation theory.
In Chapter 9 the Zeeman effect is considered in detail. Unlike the Stark effect, which is reducible to a one-dimensional problem by separation in parabolic coordinates, the Zeeman effect is inherently a two-dimensional problem. In this chapter we show how the modified algebraic RSPT of Chapter 7 can be used to obtain the energy and wavefunction corrections in rational form to high order using Maple. We also develop the modified algebraic RSPT for degenerate states in the special case of a doubly degenerate state by adapting the general case of conventional degenerate RSPT and applying it to the 38 -3do sublevel which is the first case where degenerate RSPT is needed for the Zeeman effect. Finally we show how the method of moments, which does not require the wavefunction, can also be used to obtain the ground state energy corrections in rational form.
The modified algebraic RSPT is then applied to several spherically symmetric perturbations of a hydrogenic system in Chapter 10. We consider the power potentials of the form rd for the charmonium (d = 1) and harmonium (d = 2) cases. Next we consider alternative approaches to obtaining the energy series that do not require the wavefunction but are easily adaptable to symbolic computation. The first method is a power series or difference equation approach which is applied to the Yukawa potential and the second method is the HVHF method which is based on the Hypervirial and Hellman-Feynman theorems. This method is applied to the charmonium and harmonium potentials and to the screened Coulomb and Yukawa potentials.
Several appendices containing tables of symbolic results for various energy series and the solutions to all exercises are also included.
To conclude, I would like to thank Professors Josef Paldus and Jifi Cizek for many fruitful and stimulating discussions over the the past several years. This book, which had its beginnings in the articles [CI77aj and [AD88bj, is a direct result of my collaboration with them. 
